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Intro:

e First appearance in the field of mathematical logic, as part
of the functional foundation of mathematics approach to
avoid paradox.

e A way to ensure the consistency of the operations in
modern programming.

e What about functional programming?
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About this talk:

Content = Formalisms + Algorithms
Formalisms = Usual definitions and Characterization results
Algorithms = Deciding efficiently type isomorphism
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Types

Definition 1 Lef I, be a fype system, a sef of fypes expressions
of A_, inductively defined as follows

e (Basic fype) e I,
e (Function type)vt,v" e I, = (t—1') e I,

Similarly, let I_, . be the type system of A_, » inductively
defined from the previous and the following extra scheme.

o (Producttype)vt,t' e T, « = (tx1') e T, «
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A-Calculus

Definition 2 (A, and A_, , Terms.) The set A_, of lambda terms
is inductively defined as the smallest set containing 4 = (1Y UX)
called atoms and closer under the rules.

e IfM™T and NT are terms, then the application (MN)* is a
ferm.

e IfMT is aterm andx e V. then the lambda abstraction
(A.M)™7" js a term.

Similarly, we define inductively A_,

! / /
° PTTXT — T OndPrEXT — T

and the new rule
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o IFMT™ and N are terms, then the pairing (M,N)™ " s g

term.
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Computation Rules:

Definition 3 A_, -Computation Rules:

(x-reduction) Ify ¢ FV(M)UBV (M), then
Ax.M >4 Au.M[x =]

(B-reduction) (Ax.M)N >z M|[x := N]
(m-expansion) If x £ FV(M), then M >, Ax.(Mx)

A_, «-Computation Rules: the previous adding fthe following
extras reductions, expansion

(1 -reduction) Pri(M,N) >, M
(rp-reduction) Pra(M,N) >, N
(x!-expansion) M >, (Pri1(M),Pra(M))
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The Curry-Howard Isomorphism:
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Isomorphism |

Definition 4 (Definable isomorphisms, invertible terms.) Two
fypes t and 1’ are definably isomorphic (t =4 t') iff there exist
functions (\-terms ) M™ ™ and N —7 such that MoN =17 and
NoM =17, where IT and I are Ax™.x and Ax™ .x, the identities
of fype A and B. The ferms M and N are called inverfible. We
also write M : 1 =4 v’ : N when we want fo make the associated

invertible terms explicit.

Where o is infix notation for the usual function compaosition
Ax.Af.Ag.f(gx)
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Isomorphism li

Definition 5 (Semantic isomorphisms.)Two typest and t’ are
isomorphic in a specific model M if their inferpretations are
isomorphic in M in the following sense, there are in the model
invertible functions f and g befween, then we write M Et=1’,
Two types will be Semantically isomorphic, noted T =1’, if

M ==+ holds for all M of the calculus.

Theorem 1 Lett andt’ be typesthent=41v & t=1/.
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Isomorphism lli

Definition 6 (Soundness, completeness.)\We say thaf an
equational theory Th is a sound theory of isomorphism for a
calculus if

Vi, ' e T:Thtt=1"=21=1

Respectively, an equational theory Th is a complete theory of
[somorphism for a calculus

Vi, ' e T:ThFt=t' =1t="1

Where T is an arbitrary fype system.
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Theory: Th' .

Definition 7 Th' _, be the theory of equality on T, plus the
following axiom scheme.

v,/ " e it (7 =1 )=1" = (t—=1") (Swap)
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Finite Hereditary Permutation

Definition 8 (fh.p.) An untyped A-term M is a f.h.p if and only if
e Ml=Az.z,

o M =AzAx71....A%n.2(Q1Xr(1)) ... (QuXr(n)) Wherem:n —-nisa
permutafion and Qi isa fh.p. forall1 <i<n

Theorem 2 (Dezani-Ciancaglini 1976) Let M be an untfyped
ferm possessing pn-normal form then M is invertible if and only if
M is a finite hereditary permutation.
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Building Th'_, invertible terms.

Algorithm 1
BITI: Types x Types — (Terms)Set
Instance: BITI(t,t') — {M|M:t=4 </ :M~ 1}

iflength(t) # length(t') then 0
else
n:=length(t):
BITT(v,0):=Az".z;
BTI(t, ) :=0;
For t € permutation(n) do
WhileB/Tl(T;T(i) ,Ti) A0do
/

BITI (v, <') =BTl (t, ') > Inve
Return(BITT1(t,t')):

Where input:={t=[t7,T2,...,Tn,t], T’

/
Invre = {AzT Axq 1 Axn T 2(Q X (1))

o (Quxpn)) 1Qg e B/T](T;_[(i) ,Ti)}
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Theory: Th'_,

Definition 9 Th' _, « be the theory of equality on ‘I_, . plus the
following axiom schemes.

/ /! .
VTt 1" e T, «:
X1 =1'x"7T
TX (! x1t") = (v x1") x 1"

(tx1)—=1"=1— (7 =17

T (t'xt)=(t—=1)x(t—1")
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Rewriting Types

Definition 10 Lef R_, . be the fransifive and substifutive
reduction relation generated by

I tx (! x1") > (tx1")x1”
2. (tx1)=1">1— (7" =717

3 T (t'xt)>(t—=1)x(t—=1")

Proposition 1 Each type has a unique fype normal form in R_, «
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Background

Proposition 2 Let I, . :={M|M:1=41 : M~} then thereis a I-1
correspondence between L. .+ and Inf1) nfi')
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x =Finite Hereditary Permutation

Definition 11 (INV_, . Invertible Terms.) Let M™ be a typed
A, «-term such that t is R_, «-type normal form, it is a invertible
ferm if and only if

e M, =Az"z2,

o M, :7\<Z1,...,Zn>T.<P1Z7T(1),...,PnZn(n)> wherem:n—nisa
permurtation, such that Py is a f.h.p. forall1 <i<n and
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Building Th' _, , -invertible terms.

Algorithm 2
BIT1 : Types x Types — (Terms)Set
Instance: BTl (t,t') — {M|M:t=4t : M1}

if lengthy () # lengthy (t’) then o
else
n:=lengthy (t);
BTl (v, 0):=Az" . z;
BTl (t,t!) :=0;
For t € permutation(n) do
th/@(BlT](T,n(i) ,T/i) A 0,Y1i<n)do
Inve ={A{z7,...zn)T(P1z (1), - Przgn)) [Py e BTy, T5) )
BTl (t,t') =BTl (t,t') ~ Inve
Return(BIT1y (t,t’));

Where input .= { T= (T XTz,...,XTn),T/:(T/] ><T’2,...,><T4n) }
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