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Overview

• Motivation.

• Prelude.

• Equational Theories.

• Exploring proof theory.
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Motivation:
How to retrieve software components?

Language Names Types

SML fold (A×B → B) → LIST [A] → B → B

Ocaml List.fold left (B → A → B) → B → LIST [A] → B

CAML list it (A → B → B) → LIST [A] → B → B

Haskell foldl (B → A → B) → B → LIST [A] → B

by name? No, arbitrary
by Types? Better...

Rittri’89: types as search keys in program libraries.
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Prelude

Types: τ

• Let ι be a basic type

τ ::= ι | (τ → τ) | . . .

Terms: Λ

• Let x be a variable

Λ ::= x | (λx.Λ) | (ΛΛ) | . . .
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Prelude

Statements, Declaration, and Basis: t : A, x : A, Γ

• A statement is of the form t : A, where t ∈Λ, A ∈ τ.

• A Declaration is of the form x : A, where x ∈ Var, A ∈ τ.

• A Basis Γ is a finite set of declarations.
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Prelude

Type system:

Γ,x : A ` x : A (Axiom)

Γ,x : A ` t : B
(→ Elimination)

Γ ` (λx.t) : (A → B)

Γ ` t : A → B Γ ` u : A
(→ Introduction)

Γ ` (tu) : B

Typable Terms: Λ→

Λ→ := {t ∈Λ : ∃Γ,A ` t : A}
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Prelude

Computations: .

• (λx.t)u .β t[x := u] (beta-reduction).

• (λx.tx) .η t, if x is not free in t (eta-reduction).

• . . .
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Isomorphism of types, object and formulae.

λ-calculus Category Logical System Theory References

λβη IPC(⇒) Swap Martin’72

λβη∗ IPC(⇒,T) ThT DiCosmo’95

λβηπ CC IPC(⇒,∧) Th× DiCosmo’95

λβηπ∗ CCC IPC(⇒,∧,T) Th×,T Sol83, BDCL’92

. . . . . . . . . . . . . . .
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Isomorphism.

Definition A and B are isomorphic if and only if there exist f and
g such that:

AidA

&&

f

99 B

g

yy
idBee

Where A, B and f, g may be:

λ-Calculus: Types invertible terms.

Category Theory: Objects invertible morphisms.

Logic: Formulas strong proofs.
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Type Isomorphism:
Equational Theories.

(A0) A → (B → C) = B → (A → C) (Swap)

(A1) A×B = B×A

(A2) A× (B×C) = (A×B)×C

(A3) (A×B) → C = A → (B → C)

(A4) C → (A×B) = (C → A)× (C → B)

(A5) A×T = A

(A6) A → T = T

(A7) T → A = A
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Type Systems:

Type System Axioms

Swap A0

Product Types A1, A2 & (*)

Linear Types A1, A2, A3 & (*)

First Order Types A1, A2, A3, A4 & (*)

Where (*) are A5 - A7.
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Decidability
Via an appropriate Rewriting System; confluent, strong
normalizing up to commutative product + sorting of primitive
types.

(R2) A(BC) > (AB)C

(R3) (CB)A > CAB

(R4) (AB)C > (AC)(BC)

(R5) A1 > A

(R5)’ 1A > A

(R6) A1 > A

(R7) 1A > 1

Observe: (R5) - (R7) eliminates unit types.
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Example:

(A(BC)D)E =? (CDA)E(BE)D

(R.4)ttjjjjjjjjjjjjjjj

(R.4) **UUUUUUUUUUUUUUUU

AE((BC)D)E

(R.3)
²²

(CD)EAE(BE)D

(R.3), (R.3)
²²

AE(BC)DE

(R.4)

**TTTTTTTTTTTTTTTT CDEAEBED

?

i i i i i i i i i

AEBDECDE

Sorting products: CDEAEBED → AEBDECDE
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Complexity:

Theorem [Zibin, Gil, Considine’03] Type isomorphism can be
decided in O(nlog2(n)) time and O(n) space, where n is the
size of the input.
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Definable isomorphisms: λ-Calculus

Definition Two type A and B are definably isomorphic (A ∼=d B)

iff there exists λ-terms M : A → B and N : B → A such that
M◦N = λxB.x and N◦M = λxA.x, the identities of type A and B.

Note: f◦g = λx.λf.λg.(f(gx))
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Semantic isomorphisms: Models

Definition Two type A and B are isomorphic in a model M if
their interpretations are isomorphic en M in a usual sense (i.e.
there are in the model invertible functions f and g between
them ), we write M |= A ∼= B. Two types are semantically
isomorphic A ∼= B, if M |= A ∼= B holds for every model M of the
calculus.
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Definable and Semantic Isomorphisms

Theorem Let A and B be types, then A ∼= B ⇔ A ∼=d B.

Proof (⇒) Straightforward. (⇐) Take the term model.

Remark if we have M |= A ∼= B for some particular model, it
might be the case that A� B
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Isomorphisms in Logic

Definition Two propositions A and B are strongly equivalent if

• A ⇔ B, this is there exists proofs f : A ⇒ B and g : B ⇒ A

• The compositions f◦g and g◦ f by CUT reduce, after
normalization to (Ax).

A `A

f

(A ⇒ B)

g

(B ⇒ A)
(CUT)

A `A
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Isomorphisms and Invertibility

Definition (Finite hereditary permutation, f.h.p.) An untyped
λ-term M is a f.h.p if and only if

• M = λz.z,

• M = λz.λx1. . . .λxn.z(Q1xπ(1)) . . .(Qnxπ(n)) where π : n → n is a
permutation and Qi is a f.h.p. for all 1≤ i≤ n

Theorem [Dezani-Ciancaglini 1976] Let M be an untyped term
possessing βη-normal form then M is invertible if and only if M is
a finite hereditary permutation.
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Soundness and Completeness
Definition We say that an equational theory Th is a sound

theory of isomorphism for a calculus if

∀A,B ε T : Th `A = B ⇒ A ∼= B

Respectively, an equational theory Th is a complete theory of
isomorphism for a calculus

∀A,B ε T : A ∼= B ⇒ Th `A = B

Where T is an arbitrary type system.
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Example: Swap

Theorem (Soundness)

∀A,B ε T : Swap `A = B ⇒ A ∼= B

Proof Recall A ∼= B ⇔ A ∼=d B, then it is enough to show
Swap `A = B ⇒ A ∼=d B, observe λxA→(B→C).λyB→C.λzA.xzy is
invertible and witness the equation A → (B → C) = B → (A → C).

Wesleyan University – November’04 Carlos C. Mart́ınez



25

Example: Swap

Theorem (Completeness)

∀A,B ε T : A ∼= B ⇒ Swap `A = B

Proof It is enough to show A ∼=d B ⇒ Swap `A = B, suppose that
M : A ∼=d B : N then proceed by structural induction on M,
where M is a f.h.p.
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We have...for Swap

Definable
Isomorphisms ∼=d

¥¥ &&
Semantic

Isomorphisms ∼=

DD

Equational
Theories =

ff
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Motivation:
Let P,P ′ be programs such

Pab := (λx.λy.A)ab

²²

P ′ba := (λy.λx.A)ba

²²
(λy.A[x := a])b

))SSSSSSSSSSSSSS
(λx.A[y := b])a

uukkkkkkkkkkkkkk

A[x := a][y := b] = A[y := b][x := a]

Wesleyan University – November’04 Carlos C. Mart́ınez



28

Motivation:
Let Q,Q ′ be programs such

Q(a,b)c := (λz.λx.π1zx)(a,b)c
²²

Q ′abc := (λu.λv.λx.ux)abc
²²

(λx.π1zx[z := (a,b)])c
²²

(λv.λx.ux[u := a])bc
²²

(π1(a,b)x[x := c])
²²

(λx.ux[v := b])c
²²

(ac)
++VVVVVVVVV (ax[x := c])

ttiiiii
ac = ac
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Motivation:
What can we say about P,P ′ and Q,Q ′?

• Consider Swap : A → (B → C) → B → (A → C) as the following
term

Swap := λz.λy.λx.zxy

it not hard to see that Swap(P)≡α P ′

• Consider Curry : A → (B → C) → (A×B → C) as the following
term

Curry := λz.λx.λy.z〈x,y〉
similarly, Curry(Q)≡α Q ′
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Motivation:

Now, let’s consider the following terms

Swap∗ := λy.λx.λz.zxy Curry∗ := λx.λy.λz.z〈x,y〉

we will see that





Swap∗baP ≡α P ′ba,

Curry∗abcQ≡α Q ′abc.
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Tarski’s high school algebra problem.
Let E be the equational theory given by:

AB = BA, (AB)C = A(BC),

CAB = (CB)A, (AB)C = ACBC

1A = A, A1 = A 1A = 1

A+B = B+A, (A+B)+C = A+(B+C),

A(B+C) = AB+AC, CA+B = CACB

0+A = A, A0 = 0

Doner-Tarski conjecture: `E = |=〈N,0,1,+,∗,↑〉?
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Tarski’s high school algebra problem..

• Martin’72: TI→ is equational complete for 〈N,↑〉, and
decidable.

`TI→ = |=〈N,↑〉

• Wilkie’81: was the first to establish Tarski’s conjecture is false.

[0E , |=〈N,0,1,+,∗,↑〉](Ax +Bx)y(Cy +Dy)x = (Ay +By)x(Cx +Dx)y

where A = 1+x, B = 1+x+x2, C = 1+x3 and D = 1+x2 +x4

• Soloviev’83: TI is equational complete for 〈N,1,×,↑〉, and
decidable.

`TI = |=〈N,1,×,↑〉
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Tarski’s high school algebra problem...

• Gurevič’85: found a 59-element model in which Tarski’s
identities are valid and Wilkie’s identity is false

• Gurevič’90: |=〈N,1,+,∗,↑〉 is not finitely axiomatizable,
introduce a infinite family of equations such that for every
sound finite set of axioms one of the equation is not
derivable from it.

• Fiore, DiCosmo, Valat’02: In the presence of arrow, empty,
and sum types, type isomorphism and arithmetical equality
no longer coincide.
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