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Overview:

e Foundations of Mathematics and Historical Remarks.

e Category Theory, A-Calculus, Proof Theory and
Programming Languages.

e [ype Isomorphisms and Program Isomaorphisms.
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Russell’s Paradox:

(1879-93) Frege’s global formalization of Mathematics.

(Problem) Russell’s Paradox challenges its consistency.
R ={x|x & x}

QISReR?

(Solution) Russell classified sets by using types: a kind of
label that constrains expressiveness. This became known
as Russell’'s Ramified Type Theory.
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Programming Language Design:
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Metaphor:

Theorem (Fubini’s Theorem for rectangles) Let f(x,y) be
confinuous on the rectangle A x B, where A ={x e R:a <x <b};
B={xeR:c<y<d}. Then

[J.toomar=[1]

Denote:
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Change of Variable and Fubini’s Theorem:

g:(x,y)— (y,x)
Intﬁ (A X B) Change of Variable Intﬁ (B X A)

ﬂ g:(y,x)— (x,y) ﬂ

Fubini Fubini
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Change of Variable:

Intj(A x B) f(x,y)dR
:g(BXA) f(Xay)dR
:Bfo(g(XﬂJ))Ug(g(xﬂj))‘dR/

f(y,x)dR’

JAXB

BxA

Intf (BxA)

Where [J4(g(x,y))l =Jg(g1(x,9),92(x,y))|=|

Specifically, |J4(u,x)|=| | =|—1]=1
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A-Calculus

Types: Tt

e lLet (be a basic type

Terms: t

e lLetf x be a variable
to=x] (Ax.t) | (tt) | (t,t)

Computations: >
o (Ax.t)urpp tlx:=u] (befa-reduction).

o (Ax.(tx)) >y t,if xisnotf free in t (efa-reduction).
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Computations:
Consider the following tferms:

f1 =A{x,y).2%x+3*y;;

fi:intxint — int

f3 =AxXAYy.2xx+ 3%y,

fy3:int— (int— int)

Observe:

fo=Ay,x).2%xx+3x*y;;

fro:intxint — int

fa =AYy Ax.2xx+ 3%y,

fag:int— (int — int)

o f1(4,5)=(A(x,y).2%x+3%y)(4,5)>p 2%4+3%5=23

o ,(5,4)=(A(y,x).2%xx+3xy)(5,4)>p 2+%4+3%5=23

o (f34)5=((AxAy.2*sx+3%y)4)5>p (AYy.8+3*y)5>pp8+3+x5=23

o (f45)4=((AyAx.2xsx+3%y)5)4p>p (Ax.2xx+15)4>p 2%x4+15=23
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More Computations:

Consider the following terms:

perm = AzA(x,y).z(y,x) i curry = AxXAxAyY.z(x,y).
perm:((AxB)— C))— ((BxA)— C)) curry: ((AxB)— C))— (A— (B— C))

Let us compute permf; =? and curryf; = ? (exercise).

permf; = (AzA(x,y).z(y,x))A({x,y).2*xx + 3%y
> AGY)(A(X,Y). 2% x + 3 %Y ) (Y, X)
> g Ax,y).2xy+3xx =1,
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perm and curry:

f1 =A(x,y).2xx+3*y fo =Ay,x).2xx+3x*y.
fi:intxint — int fointxint — int

l 1

| !

f3 =AxAY.2%xx+ 3%y, fa =AUYAX.2%x + 3%y
fi:int— (int — int) fg:int — (int — int)
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Change of Variable and Fubini’s Theorem:
Revisited

: ) H )
Int‘;(AxB) g:(x,y)—(y,x)

Intf :IgxIg 2> R

Intf (BxA)
Intf :IgxIg 9> R

Change of Variable
g:(y,x)—(x,y)

I I
; )

Intf(A,B) Intf(B,A)
Intf :Ig — (Ig = R) Int] :Ig » (Ig > R)
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Invertibility and Isomorphisms:

Definition (Invertible Programs) A program M :A — B is
invertible if there exists a program N : B — A such thaft
NoM =1Ida and MoN = Idg.

Definition (Type Isomorphism) Iwo types A and B are type
isomorphic, denofed A ~1, B, if and only if there exist
programs M: A —-B andN:B — A suchfthafNoM =1da
and MoN = Idg.

Definition (Program Isomorphism) Two programs P : A and
Q : B are program isomorphic, denofed P ~p,. Q, if and only
if A ~1, B and there is an invertible program F: A — B such
fhat FP = Q.
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Decision Problems:

Question 1: (Validity) Let M and N be fwo programs
having isomorphic types. Decide whether or nof M ~p.. N,

Question 2: (Unification) Let M and N be two program
fragments, that is, programs having free variables. Decide
whether or not there exists an instantiation o of these
variables such thaf o(M) ~p, o(N).

Question 3: (Matching) Lef M be a program and N be a
program fragment. Decide whether or not there exists an
instanfiation o such that M ~p, o(N).
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Decision Procedures:

=pn-Validity V ~p.-validity V
=py-unification X = ~p.-unificafion ?

—pq-matching ~p,-matching v/’
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Russell’s Ramified Type Theory:

Definition (Ramified Types) The ramified types T
1. 9 is a ramified type (0 is called the order of this type),

2. ifty,...t, are ramified types of order aq,...,a, respectively,
and a = MAX{a,...,a} then (tq,...t,)% is a ramified type
of order a. (ifn=0thentake a > 1),

3. All ramified types can be constructed using the rules 1 and
2.
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Decision Problems:

Definition (Decidable Problem) Lef Q be a class of questions

whose expect Yes or No as their answers. We say that Q is
decidable is and only is there exists Alg an algorithm, such that
forall q € Q, Alg(q) € {Yes, No}.
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Invertible Programs:

21

Definition (Invertible Programs) A programs M :A — B is
invertible of each other if there exits a program N : B — A such

thaf NoM =1da and MoN = Idg.

Examples:

#let curry f xy = f(x,y):;

curry: ((AxB)— C)— (A — (B— C)) = (fun)
#Let uncurry f (x,y) = fxy.;

uncurry: (A — (B— C)) — ((AxB)— C) = (fun)

#let perm f xy = fyx;;
perm: (A— (B— C))— (B— (A— C)) = (fun)

#let perm’ f (x,y) = f(y,x).;
perm’: ((AxB)— C))— ((BxA)— C))= (fun)
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Mapping:

Consider the following computation:

#let perm’ f(x,y) = f(y,x).; 1]
perm’: ((intxint) — int) — (intxint) — int)) = (fun) =

perm’ f

#let perm’ f1(x,y) = f1(y,x).
perm’ fi:int xint — int = (fun)

#letperm’ f1(x,y) = 2xy +3*x;; Rename g := perm’ fq,
perm’ f1:int xint — int = (fun) x:=yandy :=x

#letg(y,x) =2xx+3xy,,

=f
g:int xint — int = (fun) 2
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Mapping:

Consider the following computation:

#let curry fxy = f(x,y):;
curry: ((intxint) — int) —» (int— (int— int)) = (fun)

curry f4 (1]

#let curry f1xy = f1(x,y).
curry f1:int — (int — int) = (fun)

#let curry f1xy = 2xx+ 3%y,

Renam = curry f
curry f1: int — (int — int) = (fun) ename g := curry f

#let gxy = 2xx+3xy,,

g:int— (int— int) = (fun) =fs
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fro:intxint — int

intxint — int

1

fg:int — int — int

fz3:int— int — int
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